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Abstract

In a packet switching system, arriving packets have variable lengths. They are segmented into fixed size cells

before being switched. In packet-mode scheduling, cells from a packet should be delivered contiguously. Even

though fixed-size cell scheduling has been well studied, packet-mode scheduling has more advantages: it has a

lower implementation cost and higher throughput. In this paper, we first propose a centralized algorithm for an

input-queued switch with a time complexity ofO(N). By making some simple modifications, the complexity can

be reduced toO(1). We prove that the algorithm can stabilize the system for admissible i.i.d arrivals with any finite

packet size distribution. We then extend the idea and show that it can be implemented in a buffered crossbar switch

in a distributed manner. Our simulation results show that itcan provide good delay performance for different traffic

patterns with different packet size distributions.

I. INTRODUCTION

The seminal work by Tassiulas and Ephremides [1] initiated the study of scheduling algorithms in packet

switching systems and wireless networks.Maximum weight matching(MWM), which was proposed in

[1], can stabilize the system whenever the arrival traffic isadmissible. But it is not practical to implement

due to two drawbacks: i) it is of very high computation complexity; ii) the algorithm is centralized. For

input-queued(IQ) switches, the computation complexity of MWM isO(N3), whereN is the size of a

switch.

In the past decade, there have been a lot of research effort trying to propose practical algorithms that

either are of low complexity or can be implemented in a distributed way. Most of these algorithms assume

that packets are segmented into fixed-size cells before scheduling, and after traversing the switching fabric,

cells are reassembled back into original packets at the output ports. Cells from a packet are scheduled

independently. A packet can leave the system only when all ofits cells are received. These algorithms

are referred to ascell-mode scheduling.



2

Marsanet al. [2], on the other hand, proposed to switch variable-size packets directly, which is referred

to aspacket-mode scheduling. In packet-mode scheduling, the input ports have to deliverall the cells from

the segmentation of a packet contiguously. Thus, the reassembly of packets at the output ports is much

easier and requires less memory and complexity. They showedthat for some packet size distributions,

packet-mode scheduling can have a better delay performance, compared to the cell-mode scheduling. An

algorithm (PI-MWM) is proposed, which can stabilize the system for any admissible Bernoulli arrivals.

However, the algorithm is a modification of MWM. Therefore, it is still centralized and of high computation

complexity. Ganjaliet al. [3] show that PI-MWM is stable for any form of re-generative admissible traffic,

rather than only Bernoulli i.i.d.

In this paper, we revisit the packet-mode scheduling algorithm. We are interested in this problem

due to the fact that for some applications, packet-mode scheduling is more attractive. For example,

in optical networks, it is difficult to segment a packet. Also, it eliminates the need to implement a

reassembly stage at the output ports, as shown in Fig. 1. The objective of this paper is to design a

packet-mode scheduling algorithm with low computation complexity and easy hardware implementation.

We first propose a centralized scheduling algorithmApproximate MWM (A-MWM)for an input-queued

switch, which has a complexity ofO(N). The complexity can be reduced toO(1) by making some

simple modifications. We prove that the algorithm can stabilize the system for any admissible i.i.d arrival

process. The idea is then extended to a buffered crossbar switch, where the algorithm proposed can be

easily implemented in a distributed manner. Our simulationresults show that the algorithm can provide

good delay performance for different arrival traffic patterns. Note that when all packets have unit size,

A-MWM also is a low-complexity cell-mode scheduling algorithm.

The paper is organized as follows. In Section II, we present acentralized, low-complexity scheduling

algorithm in an input-queued switch and present the simulation results in Section III. The idea is extended

to a buffered crossbar switch in Section IV. We then present some simulation results for the buffered

crossbar switch in Section V. Section VI concludes the paper.

II. I NPUT-QUEUED SWITCHES

A. System Model

An N×N input-queued switch is shown in Fig. 1. The packet arrival process at an input is characterized

by a two-state slotted time ON-OFF model. Packet lengths areexpressed in slot times (or cells). When it
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Fig. 1: Packet-Mode Input-Queued Switch

is in the ON state, a packet is being received. The number of time slots spent in the ON state is the length

of the packet. No packets arrive in OFF state. The number of slots spent in OFF state is geometrically

distributed.

The packet length can have any distribution as long as the maximum packet length is finite. There

are virtual output queues(VOQ) at the inputs to preventhead-of-line blocking. Each input maintainsN

VOQs, one for each output. LetV OQij represent the VOQ at inputi for outputj. Let Qij(n) denote the

total queued packet length expressed in the number of cells in V OQij at time n, andQ = {Qij}. Let

(i, j) represent the crosspoint between inputi and outputj. Note that a VOQ corresponds to a crosspoint.

A schedule can be represented by a matrixS ∈ {0, 1}N×N . Sij = 1 if V OQij is in the schedule;

otherwise,Sij = 0. With some abuse of notation, we also useS to represent a set, and write(i, j) ∈ S

if Sij = 1.

Definition 1: A feasible scheduleS(n) is anN ×N matrix, whereSij(n) ∈ {0, 1}, and
∑

i Sij(n) ≤ 1,
∑

j Sij(n) ≤ 1.

Note that a feasible scheduleS has the property that ifSij = 1, then∀i′ 6= i, Si′j = 0 and∀j′ 6= j,

Sij′ = 0. We define these crosspoints as itsneighbors.

Definition 2: For a crosspoint(i, j), its neighbors are defined as:

N (i, j) = {(i′, j) or (i, j′) | ∀i′ 6= i, ∀j′ 6= j} (1)

So for a feasible scheduleS, if (i, j) ∈ S, then∀(k, l) ∈ N (i, j), (k, l) /∈ S. Let S represent the set of

all feasible schedules.

Let λij represent the arrival rate of traffic between inputi and outputj. We assume that the arrival is

a Bernoulli process.
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Definition 3: An arrival process is said to beadmissibleif it satisfies:

∑

j

λij < 1, and
∑

i

λij < 1. (2)

Let ||Q|| represent the norm of matrixQ: ||Q|| = (
∑

i,j Q2
ij)

1/2. The stability of a system is defined

as:

Definition 4: A system of queues is said to bestableif:

lim
n→∞

sup E||Q(n)|| < ∞. (3)

B. Packet-Mode Scheduling Algorithm

Basic Scheduling Algorithm of A-MWM

◦ ∀ (i, j) /∈ H(n):

(a) Sij(n) = Sij(n − 1).

◦ For (i, j) ∈ H(n):

- If (i, j) ∈ S(n − 1) and the packet transmission between inputi and outputj has not

been completed:

(b) Sij(n) = Sij(n − 1) = 1.

- Else, if (i, j) ∈ S(n − 1) and the packet transmission has been finished:

(c) Sij(n) = 1 with probability pij ;

(d) Sij(n) = 0 with probability pij = 1 − pij .

- Else, if (i, j) /∈ S(n − 1), and∀(k, l) ∈ N (i, j), Skl(n − 1) = 0, then:

(e) Sij(n) = 1 with probability pij ;

(f) Sij(n) = 0 with probability pij = 1 − pij.

- Else,(i, j) /∈ S(n − 1), and∃(k, l) ∈ N (i, j) such thatSkl(n − 1) = 1:

(g) Sij(n) = 0.

In our algorithm, the system has to keep track of the scheduleof previous time slotS(n − 1). At

the beginning of timen, generate a feasible scheduleH(n) by using a Hamiltonian walk [4]. For an

input-queued switch, there areN ! distinct matchings. A Hamiltonian walkH(n) visits each of theN !

distinct matchings exactly once during timesn = 1, 2, ..., N !. For n > N !, H(n) = H(n mod N !). A

Hamiltonian walk can be generated with a simple algorithm with a time complexity ofO(1) [5].



5

After H(n) is generated, the scheduleS(n) is decided following the algorithm above. The probability

pij is a concave function (to be specified later) of the queue sizeQij . Note that in our algorithm,Sij(n)

can change only when theV OQij is selected byH(n).

C. Stationary Distribution

Define the state:

Y = (S,L,R), (4)

whereL = {Lij}, Lij is the size of the packet being transmitted between inputi and outputj. R = {Rij},

and Rij is the remaining time needed to complete the transmission ofthe packet between inputi and

outputj. Let Y represent the set of all possible states.

Define the active VOQs whose remaining transmission time is larger than 1 at the beginning of time

n − 1 as:

B(n − 1) = {(i, j)|Sij(n − 1) = 1, Rij(n − 1) > 1}. (5)

On the other hand, active VOQs, whose remaining transmission time was1, already finished their packet

transmissions at timen−1. According to the A-MWM scheduling algorithm, they are possible to change

their schedules.

According to the scheduling algorithm, inactive VOQs can join the schedule only when none of its

neighbors was in the schedule of the previous time slot. Therefore, at timen, all the neighbors ofS(n-

1) are blocked, and will remain inactive. So all the VOQs inB ∪ N (S) will keep their schedules of

the previous time slot. Only VOQs inB ∪ N (S) can change their schedules if they are picked by the

Hamiltonian walk scheduleH(n).

Lemma 1:A stateY = (S,L,R) can transit to a stateY′ = (S′,L′,R′) if and only if Y′ satisfies the

conditions below:

1) If (i, j) ∈ B, S ′
ij = Sij = 1, L′

ij = Lij , andR′
ij = Rij − 1.

2) S ∪ S′ ∈ S.

Proof: (Necessity)In packet-mode scheduling, once start a packet transmission, the input and output

have to keep serving this packet until all the cells from the packet have been delivered to the output.

Therefore, for those active VOQs whose remaining time for the current packet transmission was larger

than 1, they should stay in the schedule, and the remaining time will be reduced by one since one cell
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was transmitted in previous time slot. So condition 1) is necessary.

Following the definition, a scheduleS is feasible if for any(i, j) ∈ S, ∀(k, l) ∈ N (i, j), (k, l) /∈ S.

S ∪ S′ = S ∪ (S ∩ S′). S andS ∩ S′ are disjoint. So for any(i, j) ∈ S ∪ S′, (i, j) belongs to one of these

two sets:S or S ∩ S′.

If (i, j) ∈ S, ∀(k, l) ∈ N (i, j), (k, l) /∈ S sinceS itself is a feasible schedule. According the scheduling

algorithm, VOQs can join the schedule only when none of its neighbors was in the schedule of the previous

time slot. Thus,(k, l) /∈ S′, since there is a neighbor(i, j) such thatSij = 1. So, ∀(k, l) ∈ N (i, j),

(k, l) /∈ S and (k, l) /∈ S′. Thus,(k, l) /∈ S ∪ S′.

If (i, j) ∈ S ∩ S′, ∀(k, l) ∈ N (i, j), (k, l) /∈ S′ sinceS′ is also a feasible schedule.(k, l) can not be

in S as (i, j) changes its schedule decision from0 to 1. if (k, l) is in S, (i, j) can not join the schedule

according the algorithm. So,∀(k, l) ∈ N (i, j), (k, l) /∈ S′ and (k, l) /∈ S. Thus,(k, l) /∈ S ∪ S′.

We already proved that if a stateY = (S,L,R) can transit to a stateY′ = (S′,L′,R′), then for any

(i, j) ∈ S ∪ S′, ∀(k, l) ∈ N (i, j), (k, l) /∈ S ∪ S′. Therefore,S ∪ S′ is feasible.

(Sufficiency)If S ∪ S′ ∈ S, then (S ∩ S′) ∪ (S ∩ S′) ∈ S. The Hamiltonian walk visits all feasible

schedules. Thus there exists at least oneH(n) such that(S ∩ S′) ∪ (S ∩ S′) ∈ H(n). When theseH(n)

are selected andY′ also satisfies condition 1),Y can transit toY′ with a probability larger than zero

which we will give below.QED

Lemma 2: If a stateY = (S,L,R) can transit to a stateY′ = (S′,L′,R′), the transition probability

then is:

P (Y,Y′) =
∑

H:S△S′∈H

a(H)
∏

(i,j)∈S∩S
′

pij

∏

(k,l)∈S∩S′

pkl × Pkl(L
′
kl)

•
∏

(u,v)∈(S∩B)∩(S′∩B)∩H

puv × Puv(L
′
uv)

∏

(x,y)∈H∩S∪S′∩N (S∪S′)

pxy, (6)

wherePij(L
′
ij) is the probability that the head-of-line packet inV OQij has a size ofL′

ij . We assume

that the packet length distribution for each VOQ is fixed, namely, Pij(L
′
ij) is a constant.a(H) is the

probability thatH is selected (which is1/N !), andS △ S′ = (S ∩ S′) ∪ (S ∩ S′).

Proof: The transition occurs only when the VOQs selected byH satisfy the conditions below:

1) For any(i, j) ∈ S ∩ S′: the VOQ is selected byH and decides to change its schedule from1 to 0,

which happens with probabilitypij .

2) For any(k, l) ∈ S ∩ S′: the VOQ is selected byH and decides to change its schedule from0 to

1, which happens with probabilitypkl. The head-of-line packet inV OQkl has a size ofL′
kl with
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probability Pkl(L
′
kl).

3) For any(u, v) ∈ (S∩B)∩ (S′ ∩B)∩H: the VOQ finished a packet transmission in previous time

slot, and even though selected byH it decides to keep its schedule, which occurs with probability

puv. The length of the new packet being transmitted isL′
uv with probability Puv(L

′
uv).

4) For any(x, y) ∈ H∩S ∪ S′∩N (S): neither the VOQ or any of its neighbors was in the schedule ofthe

previous time slot, and though selected byH it decides to stay inactive, which occurs with probability

pxy. SinceH is a feasible schedule andS ∩ S′ ∈ H, H ∩N (S ∩ S′) = ∅. ThusH ∩ S ∪ S′ ∩N (S)

= H ∩ S ∪ S′ ∩ N (S ∪ S′). We replaceH ∩ S ∪ S′ ∩ N (S) by H ∩ S ∪ S′ ∩ N (S ∪ S′) in Eq. (6)

for the proof of the stationary distribution in the following.

SinceH is a feasible schedule, for any two VOQs inH, they are not neighbors of each other. Therefore,

they can make the scheduling decisions independently. We then can multiply the probabilities of all the

four categories above, which leads to the transition probability given by Eq. (6).QED

As we can see from Lemma 2, the stateY′ only depends on the schedule of the previous time slotY.

ThusY(n-1), Y(n), Y(n+1)· · · is a Markov chain, and the state transition probability is given in Eq. (6).

We will derive the stationary distribution in the following.

Let us associate each VOQ of a switch with a non-negative weight wij(n) (i.e.wij(n) = loglog(Qij(n)))

at timen and define the probabilitypij = ewij (n)

ewij (n)+1
. We have the following result.

Theorem 1:The Markov chain of the system has the following product-form stationary distribution:

π(Y) =
1

Z

∏

(i,j)∈S

pij

pij

Pij(Lij) =
1

Z

∏

(i,j)∈S

ewij(n)Pij(Lij), (7)

whereZ is the normalizing term such that
∑

Y π(Y) = 1:

Z =
∑

Y∈Y

∏

(i,j)∈S

pij

pij

Pij(Lij) =
∑

Y∈Y

∏

(i,j)∈S

ewij(n)Pij(Lij). (8)

Proof: Define the probability:

Q(Y′,Y) =
∑

H:S△S′∈H

a(H)
∏

(i,j)∈S∩S
′

pij × Pij(Lij)
∏

(k,l)∈S∩S′

pkl

•
∏

(u,v)∈(S∩B)∩(S′∩B)∩H

puv × Puv(Luv)
∏

(x,y)∈H∩S∪S′∩N (S∪S′)

pxy, (9)

Note thatQ(Y′,Y) is very similar to P(Y, Y’), and it can be considered as the transition probability of
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the time-reversed Markov chain. It is easy to verify that:

π(Y)P (Y,Y′) = π(Y′)Q(Y′,Y). (10)

Therefore,

∑

Y

π(Y) · P (Y,Y′) =
∑

Y

π(Y′) · Q(Y′,Y) = π(Y′) ·
∑

Y

Q(Y′,Y) = π(Y′) (11)

The probability of stateY′ is invariant over time, which means the distribution shown in Eq. 7 is

“stationary”.

D. System Stability

One of the most popular algorithm which has been proved stable is theMaximum Weight Matching

(MWM) algorithm. TheMWM algorithm selects a feasible schedule with the maximum weight:

S∗(n) = arg max
S∈S

∑

(i,j)∈S

wij(n). (12)

We can define the weight on a stateY = (S,L,R) as:

W (Y) = W (S) =
∑

(i,j)∈S

Sij(n)wij(n). (13)

The MWM algorithm has been widely studied and it has been proved to stabilize the system. For

MWM, the result below has been established in [6].

Lemma 3:For a scheduling algorithm, if given anyǫ andδ such that0 ≤ ǫ, δ < 1, there exists aB > 0

such that the scheduling algorithm satisfies the condition:in any time slot t, with a probability greater

than1−δ, the scheduling algorithm can choose a scheduleS ∈ S which satisfies the following condition:

∑

(i,j)∈S(n)

wij(n) ≥ (1 − ǫ)
∑

(k,l)∈S∗(n)

wkl(n), (14)

whenever||Q(n)|| ≥ B, whereQ(n) = (Qij(n)) and ||Q(n)|| = (
∑

i,j Q2
ij(n))1/2. Then the scheduling

algorithm can stabilize the system.

Since we already derived the stationary distribution of theMarkov chain, we will prove the system

stability using Lemma 3. Before the proof of Theorem 3, we first have to prove the lemmas below.

Lemma 4:Suppose thatT (·) is a function defined on a setY . For any probability distributionµ on Y ,
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define the function:

F (µ, T (Y)) = Eµ[T (Y)] + H(µ), (15)

whereH(µ) is the entropy:H(µ) = −
∑

Y∈Y µ(Y) logµ(Y). ThenF (·) is uniquely maximized by the

distribution:

µ∗(Y) =
1

Z
exp(T (Y)), (16)

whereZ =
∑

Y∈Y exp(T (Y)).

Proof: For any probability distributionµ, we have:

F (µ, T (Y)) = Eµ[T (Y)] + H(µ)

=
∑

Y∈Y

µ(Y)T (Y)−
∑

Y∈Y

µ(Y) logµ(Y)

=
∑

Y∈Y

µ(Y)(log µ∗(Y) + log Z) −
∑

Y∈Y

µ(Y) logµ(Y)

=
∑

Y∈Y

µ(Y) logZ +
∑

Y∈Y

µ(Y) log
µ∗(Y)

µ(Y)

≤ log Z
∑

Y∈Y

µ(Y) + log
(

∑

Y∈Y

µ(Y)
µ∗(Y)

µ(Y)

)

(from Jensen’s inequality)

= log Z, (17)

with equality holding only whenµ = µ∗. QED

Note that whenT (Y) = 0, uniform distribution maximizesF (µ, 0), and we have:

F (µ, 0) = H(µ) ≤ log Z = log |Y|. (18)

Lemma 5:Let W (·) be the weight function andW ∗(S) the maximum weight. Define the set:

K = {Y ∈ Y : W (Y) = W (S) ≤ (1 − ǫ)W ∗(S)}. (19)

Then, we have:

π(K) ≤
log |Y| + |Gmin|

ǫW ∗(S)
, (20)

whereπ(K) is the probability that a stateY is in the setK and|Gmin| is a constant we will define below.
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Proof: As shown in Eq. (7), for a stateY = (S,L,R), its stationary distribution is:

π(Y) =
1

Z

∏

(i,j)∈S

e(wij(n))Pij(Lij) =
1

Z
eW (S)

∏

(i,j)∈S

Pij(Lij). (21)

DefineG(Y) as:

G(Y) = ln
∏

(i,j)∈S

Pij(Lij) (22)

Then we haveπ(Y) = 1
Z
eW (Y)+G(Y). Let Gmax representmaxY∈Y G(Y), and it is easy to see that

Gmax ≤ 0 from Eq. (22). LetGmin representminY∈Y G(Y). Then |Gmin| ≥ |G(Y)|.

According to Lemma 4,π maximizesF
(

µ, T (Y) = W (Y) + G(Y)
)

.

Let Y∗ = (S∗,L∗,R∗) be a state which has the maximum weight. Letπ′ be the distribution that assigns

all probability onY∗ such that:

π′(Y) =











1 if Y = Y∗

0 otherwise

Then we have:

F (π′, W (Y) + G(Y)) = Eπ′ [W (Y) + G(Y)] + H(π′)

= W ∗(S) + G(Y∗) + H(π′)

≤ F (π, W (S) + G(Y)) = Eπ[W (Y) + G(Y)] + H(π)

=
∑

Y∈K

π(Y)W(Y) +
∑

Y∈K

π(Y)W(Y) + Eπ[G(Y)] + H(π)

≤ π(K)(1 − ǫ)W ∗(S) + (1 − π(K))W ∗(S) + Gmax + H(π)

≤ W ∗(S)(1 − ǫπ(K)) + Gmax + H(π) (23)

So,

W ∗(S) + G(Y∗) + H(π′) ≤ W ∗(S)(1 − ǫπ(K)) + Gmax + H(π)

ǫπ(K)W ∗(S) ≤ H(π) − H(π′) + Gmax − G(Y∗)

≤ H(π) + |Gmin| ≤ log |Y| + |Gmin|

π(K) ≤
log |Y| + |Gmin|

ǫW ∗(S)
(24)

Theorem 2:The scheduling algorithm can stabilize the system if the input traffic is admissible.
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Proof: For anyδ > 0, we haveπ(K) < δ, if the maximum weight satisfies the condition:

W ∗(S) >
log |Y| + |Gmin|

ǫδ
>

log |Y| + |Gmin|

ǫδ
. (25)

So, for anyǫ, δ > 0, there exists aB > 0 such that whenever||Q(n)|| > B, Eq. (25) holds and then

π(K) < δ. Hence the scheduling algorithm can stabilize the system according to Lemma 3.

E. Computation Complexity

At the beginning of each time slot, we have to generate a feasible scheduleH(n) using Hamiltonian

walk. There areN crosspoints(i, j) such thatHij(n) = 1. According the algorithm, the scheduler has to

check all theseN VOQs and decide whether to change their scheduling or not. Thus, the computation

complexity is O(N). By making the following simple modification, we can reduce the computation

complexity fromO(N) to O(1).

As mentioned above, the reason that A-MWM has a complexity ofO(N) is because there areN VOQs

in H(n). If we can generate a scheduleH(n), where there is only one(i, j) such thatHij(n) = 1,

the scheduler then only has to decide whether to change the scheduling of one VOQ at each time slot.

Thus, the computation complexity is reduced toO(1). For aN × N switch, there areN2 VOQs totally.

Therefore, there areN2 schedules such that only one VOQ is in each schedule. The Hamiltonian walk

H(n) can visit all theseN2 schedules once during everyN2 slots.

The modified version of A-MWM still can achieve100% throughput for any admissible i.i.d arrival

traffic. The only difference is that it takes a longer time forthe system to converge. For example, if there

areN VOQs selected byH(n), all theseN VOQs may change their schedules in one slot. But if there is

only one VOQ inH(n), it takes aboutN slots to have the same schedule changes. Therefore, theO(1)

version of A-MWM takes a longer time to converge than theO(N) version.

Now, we give a brief proof of the system stability for the modified version of A-MWM. Following the

new algorithm, at each time slot, there is only one VOQ selected by the Hamiltonian walk scheduleH(n).

Therefore, Lemma 1 should be changed to:

Lemma 6:A stateY = (S,L,R) can transit to a stateY′ = (S′,L′,R′) if and only if Y′ satisfies the

conditions below:

1) If (i, j) ∈ B, S ′
ij = Sij = 1, L′

ij = Lij , andR′
ij = Rij − 1.

2) S ∪ S′ ∈ S.
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3) There exists at most only one(i, j) such that(i, j) ∈ S and(i, j) /∈ S′, or (i, j) /∈ S and(i, j) ∈ S′.

Proof of Lemma 6 is almost the same as Lemma 1. Condition 3) is necessary here since there is only

one VOQ inH(n). Therefore, in each transition, at most only one VOQ can change its schedule. When

two statesY and Y′ satisfy the conditions above, the system can transit fromY to Y′. The transition

probability is the same as Eq. (6). Note that now there is at most one(i, j) in S△S′ = (S∩S′)∪ (S∩S′),

anda(H) = 1
N2 .

Since the transition probability does not change, following the proof in II-C, we can also derive that

the stationary distribution of the system under the modifiedA-MWM still has a product-form solution.

The system stability then can be proved following the same methodology.

III. SIMULATIONS

We have run simulations for different scenarios to measure the delay performance of our algorithm.

Different traffic arrival patterns are studied, including uniform and non-uniform. We also study scenar-

ios with different packet size distributions. We compare the delay performance of A-MWM with two

algorithms proposed in [2]:Packet MWM(P-MWM) andPacket Incremental MWM(PI-MWM).

A. P-MWM and PI-MWM

The packet MWM scheduling algorithm generates a new schedule using MWM algorithm whenever

either of the following conditions hold:

• All packet transmissions end at the same time.

• All the queues selected for transfer become empty.

The packet incremental MWM works as follows:

• Whenever either all packet transmissions end at the same time, or all the queues selected for transfer

become empty, a new schedule is generated using the MWM algorithm.

• Whenever some queues selected for transfer become idle (i.e., either they are empty, or packet

transmissions end) a partial update of the schedule is allowed, according to an MWM algorithm

among idle ports.

Using P-MWM algorithm, after a schedule is generated, the system may have to use that schedule

for many time slots until either of the two conditions mentioned above holds. Therefore, the schedule

reconfiguration of P-MWM is not frequent, but each reconfiguration still requires a computation complexity
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of O(N3). As shown in the results below, this negatively affects the performance of P-MWM, due to

the fact that several time slots elapse before a new scheduleis generated (i.e., some queues selected for

transfer become idle).

PI-MWM can have a much better performance, since it has to update the schedule at every time slot

among idle ports. So, the computation complexity of PI-MWM is the same as MWM, which isO(N3).

It is not practical for real systems, but it can guarantee good delay performance and thus serves as a

benchmark.

B. Packet Size Distribution

In the simulation, we consider three different packet size distributions.

1) Uniform(a, b). Packet sizes are uniformly distributed betweena andb. As in [2], we usea = 1 and

b = 192 in the following.

2) Bimodal(a, b;pa). Packet sizes are chosen asa cells with probabilitypa, or b cells with probability

1 − pa. In the following, we seta = 3, b = 100 andpa = 0.5.

3) Exponential(a, b). Packet sizes are exponentially distributed over[a, b], following the truncated Pareto

distribution:

P (l) =
c

lβ
, l = a, a+1, ... , b, (26)

where l is the packet length,β is the Pareto parameter andc is the normalization constant. In the

simulationβ = 1.7, a = 1 and b = 100.

C. Uniform Scenario

For uniform traffic, a new cell is destined uniformly for all output ports. Letλ represent the traffic

load, the arrival rate between inputi and outputj is λij = λ
N

. The delay performance comparisons are

shown in Fig. 2 and Fig. 3. In Fig. 2, packet sizes are uniformly distributed over[1, 192]. We can see that

even though our algorithm has a much lower computation complexity, the delay is quite close to that of

PI-MWM, especially when the load is light. For P-MWM, the delay performance is poor for the reason

that we discussed in the previous subsection. As the load increases, the delay of P-MWM increases very

fast. In Fig. 3, packet sizes are exponentially distributedover [1, 100]. The average packet size now is

around9. PI-MWM can provide very good delay performance compared toour algorithm. But as shown
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Fig. 2: N=16, uniform traffic, uniform packet size distribution
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Fig. 3: N=16, uniform traffic, exponential packet size distribution

in the figure, the delay of our algorithm is still much less than that of P-MWM, especially when the load

is heavy (0.6 < λ < 0.95).

D. Non-Uniform Scenario

We run the simulations for the following traffic patterns:

• Lin-diagonal: Arrival rates at the same input differ linearly, i.e, λi(i+j (mod N)) −λi(i+j+1 (mod N)) =

2λ/N(N + 1).

• Hot-spot: For input porti, λii = ωλ and λij = (1 − ω)λ/(N − 1), for i 6= j. We can get different

traffic patterns by varying the hot-spot factorω.

The delay performance for hot-spot and lin-diagonal trafficare shown in 4 and Fig. 5, respectively. For

bimodal distribution, the delay of our algorithm is very close to the PI-MWM. But for exponential packet
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Fig. 4: Switch size N=16, hot-spot traffic
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Fig. 5: Switch size N=16, lin-diagonal traffic

size distribution, the delay of our algorithm is much larger.

One interesting result is that for different packet size distributions, our algorithm can provide quite

similar delay performance. As you can see in Fig. 5, the delayfor bimodal and exponential distributions

are almost the same.

IV. BUFFERED CROSSBARSWITCH

In this section, we show how the algorithm we proposed can be implemented in a distributed manner

for a buffered crossbar switch.

A. System Model

In a buffered crossbar switch, each crosspoint has a buffer as shown in Fig. 6. We assume that each

crosspoint buffer has a size of one cell. LetCBij denote the buffer at the crosspoint between inputi and
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Fig. 6: Buffered Crossbar Switch

outputj. Bij(n) ∈ {0, 1} denotes the occupancy ofCBij at timen.

Due to the existence of the crosspoint buffers, the input andoutput schedulers can be independent.

Now, a schedule can be represented byS(n) = [SI(n), SO(n)]. SI(n) = [SI
ij(n)] is the input schedule.

Each input port can only transmit at most one cell at each timeslot. Thus the input schedule is subject

to the following constraints:

∑

j

SI
ij(n) ≤ 1, SI

ij(n) = 0 if Bij(n) = 1. (27)

SO(n) = [SO
ij (n)] is the output schedule. It has to satisfy the following constraints:

∑

i

SO
ij (n) ≤ 1, SO

ij (n) = 0 if Bij(n) = 0. (28)

B. P-DISQUO Schedule

As in our previous work [7], we define a P-DISQUO schedule:

Definition 5: A P-DISQUO scheduleX(n) is anN×N matrix, whereXij(n) ∈ {0, 1}, and
∑

i Xij(n) ≤

1,
∑

j Xij(n) ≤ 1.

A P-DISQUO scheduleX then has the following property:

Property 1: If (i, j) ∈ X, ∀(k, l) ∈ N (i, j), (k, l) /∈ X.

We also define the P-DISQUO schedule to have the following properties:

Property 2: At each time slot, when a P-DISQUO schedule is generated, each input and output port

determine their schedules by following the rules below:

• For input i, when Xij(n) = 1, if Qij(n) > 0 and Bij(n − 1) = 0, then SI
ij(n) = 1. Otherwise,

SI
ij(n) = 0.
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• For outputj, if Xij(n) = 1 andBij(n) > 0, SO
ij (n) = 1.

Property 3: For an inputi, if ∀j, Xij = 0, then it is referred to as afree input. A free input port can

randomly pick an eligible crosspoint to serve, i.e. it can transfer a packet to any free crosspoint buffer.

Property 4: For an output portj, if ∀i, Xij = 0, then it is afree output. A free output can randomly

pick a non-empty crosspoint to serve.

Let X represent the set of all P-DISQUO schedules.

C. P-DISQUO Scheduling Algorithm

In the algorithm, each inputi only needs to keep track of the P-DISQUO schedule in the previous slot,

i.e. for which outputj wasXij(n− 1) = 1. Similarly, each output only needs to keep track of for which

input i wasXij(n−1) = 1. Since the algorithm is distributed, there is no message passing between inputs

and outputs. The algorithm has to make sure that ifXij(n) = 1, both inputi and outputj are aware of

this. Then the inputs and outputs can keep a consistent view of the P-DISQUO schedule.

Input Scheduling Decisions

At each input porti, assume(i, j) is selected byH(n).

◦ If there exists aj′, with Xij′(n − 1) = 1:

- If j = j′, (i, j) ∈ X(n − 1) and (i, j) ∈ H(n), and the transmission between inputi and

outputj

is completed:

(a) Xij(n) = 1 with probability pij ;

(b) Xij(n) = 0 with probability pij = 1 − pij .

- Else,

(c) Xij(n) = 0.

◦ Else, if there is noj′ such thatXij′(n − 1) = 1, then inputi is a free input:

- If ∀(k, l) ∈ N (i, j), Xkl(n − 1) = 0 (We will explain later how an input can learn this):

(d) Xij(n) = 1 with probability pij;

(e) Xij(n) = 0 with probability pij = 1 − pij.

- Else,

(f) Xij(n) = 0.
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Output Scheduling Decisions

Each output portj has to learn the scheduling decision made by the input. Assume (i, j) is selected

by H(n).

◦ If there exists ani′, with Xi′j(n − 1) = 1:

- If i = i′, (i, j) ∈ X(n − 1) and (i, j) ∈ H(n). As shown above, inputi may changeXij

from 1 to 0. Therefore, outputj has to observe the crosspoint buffer to learn the input’s decision.

(a) If input i transmits a packet toCBij at the

beginning of timen, Xij(n) = 1

(b) Otherwise,Xij(n) = 0.

- Else,

(c) Xij(n) = Xij(n − 1) = 0

◦ Else, if there is noi′ such thatXi′j(n − 1) = 1, then outputj is free:

- If the buffer at crosspoint (i, j) is empty and inputi sends a packet toCBij at the beginning

of time n, or if the buffer is not empty, outputj has to transmit this packet fromCBij at timen

and if then inputi sends a packet toCBij at the beginning of timen + 1, outputj can update its

schedule of timen as:

(d) Xij(n) = 1.

- Else,

(e) Xij(n) = 0.

As we can see that in the algorithm above, the inputs are making the scheduling decisions and updating

the P-DISQUO schedule based onH(n). The output ports have to learn the inputs’ decisions. The key

point of P-DISQUO is that by observing crosspoint buffers, an input and an output can learn each other’s

decisions implicitly. For example, ifV OQij is selected byH(n), and free inputi decides to setXij(n) = 1

from Xij(n − 1) = 0, it has to make sure that outputj was also free. Inputi can learn whether outputj

was free or not by observing the crosspoint bufferCBij at timen. If it is served by output portj at time

n, input i learns that the output was free at timen − 1.

Theorem 3:The P-DISQUO scheduling algorithm can stabilize the systemif the input traffic is admis-

sible.

Proof: The P-DISQUO schedule essentially is a feasible schedule inan input-queued switch. So the

system stability can also be proved following the proof in aninput-queued switch.
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V. SIMULATIONS

In this section, we compare the delay performance of our distributed scheduling algorithm (DS) with

output-queued (OQ) switches, which require a speedup ofN but have the best performance and thus

serves as a lower bound. We run extensive simulations for different traffic patterns with different packet

size distributions. The results are presented below.

A. Uniform Scenario

The delay performance comparison is shown in Fig. 7. We can see that even though we do not require

any speedup, the packet delay of our algorithm is very close to the output-queued switch (OQ), for

different packet size distributions.

B. Non-Uniform Scenario

The delay performance for hot-spot traffic is shown in 8. We can see that the delay performance of

our algorithm is still very close to the output-queued switch for non-uniform arrivals. When the traffic

load is less than0.7, the delay performance of our algorithm is just a little higher than the output-queued

switches. When the traffic is heavy (λ > 0.7), the delay increases but still close to the bound.

Note that for non-uniform traffic, simple algorithms such asdual round robin [8] can not stabilize the

system even for cell-mode scheduling. Our algorithm not only can stabilize the system for non-uniform

variable-sized packets, but also can provide good delay performance. It can provide consistent service for

different traffic patterns, which makes it very practical toimplement in real systems.

C. Impact of Switch Size

In this section, we will study the impact of switch size on thedelay performance. Generally, for input-

queued switch, the average delay increases linearly with the switch size. For output-queued switches,

delay is independent of the size. Fig. 9 shows the delay performance of switches with different sizes

under hot-spot traffic (ω is 0.5) with uniform packet distribution. We can see that, the delay is almost

the same for different switch sizes. As the size increases, the delay even decreases slightly when the

traffic becomes heavy (λ > 0.8). This shows that our algorithm is scalable and could be implemented in

switching systems with a large number of ingress and egress ports.
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Fig. 7: Switch size N=16, uniform traffic
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Fig. 8: Switch size N=16, hot-spot traffic, w=0.5

VI. CONCLUSION

In this paper, we propose a low complexity packet-mode scheduling algorithm (A-MWM) for an input-

queued switch. The complexity of the algorithm isO(N), and can be reduced toO(1) easily. We prove

that it can achieve100% throughput under any admissible ON-OFF arrival traffic withany finite packet

size distribution. We then extend the idea to a distributed algorithm (P-DISQUO) for a buffered crossbar

switch. When all packets have unit size, our algorithm becomes a low-complexity cell-mode scheduling

algorithm. Our simulation results show that it can provide very good delay performance under different

traffic arrivals. The results also show that in a buffered crossbar switch, packet delay is not dependent on
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Fig. 9: Impact of switch size, hot-spot traffic, w=0.5

the switch size, which means that the distributed algorithmcan scale with the number of switch ports.

The algorithm has low implementation cost, provides good delay performanc, and is very scalable.
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